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Abstract— This work focuses on designing and developing a
3UPS parallel mechanism for passive rehabilitation of lateral ankle
sprains in ball sport athletes. The study analyzes the high incidence
of this musculoskeletal injury and its functional and social impact.
The proposed mechanism seeks to accurately replicate the
Pphysiological movements of the ankle through the integration of
advanced inverse kinematics methods and screw theory. The
required ranges of motion were defined to ensure a proper and safe
recovery. The results show that the mechanism fully achieves the
physiological ranges required: dorsiflexion-plantarflexion from 30°
to —20° abduction-adduction from 10° to —10° and eversion-
inversion from 20° to —10°. Moreover, the workspace analysis
demonstrated adequate coverage in both positional and orientational
domains, with vertical displacements ranging from 0.01 m to 0.2717
m, and maximum achievable angles of £61.00° for y, from 24.77° to
—18.72° for 0, and £22.35° for ¢. Likewise, the singularity analysis
initially revealed 22 critical position configurations and 44 for
orientation, which were reduced to 12 and 14 after eliminating
redundancies. Importantly, all singularities lie outside the effective
workspace. This development provides an accessible, robust, and
efficient solution for improving rehabilitation and preventing future
complications such as chronic ankle instability.

Keywords— 3UPS, ankle sprains, inverse kinematics, geometric
method, screw theory.

l. INTRODUCTION

The growing prevalence of musculoskeletal disorders, such
as ankle sprains, highlights the need for innovative solutions in
physical rehabilitation. According to the World Health
Organization (WHO), approximately 1.71 billion people
worldwide suffer from musculoskeletal conditions, which
directly affect individuals’ mobility and physical functionality
[1]. Among these conditions, lateral ankle sprains stand out due
to their high frequency, particularly in sports activities
involving abrupt changes in direction, such as football and
basketball [2].

In the United Kingdom, ankle sprains account for
approximately 5% of emergency room visits [2], and in the
United States, nearly 30,000 cases are reported daily [3].
However, these figures may be underestimated, as many
individuals do not seek formal medical care for this type of
injury [3]. Epidemiological studies show that between 15% and
40% of all sports injuries are ankle sprains, and around 80% are
lateral sprains [4].

Various technologies have been developed to address the
rehabilitation of these injuries, including exoskeletons [5],
orthotic devices [6], and wearable sensors. Each offers specific
advantages: exoskeletons provide active movement support [7];

orthoses enable passive joint stabilization; and sensors allow
real-time monitoring of the recovery process [8]. However,
many of these approaches are limited in portability, precision,
or the ability to accurately replicate the physiological motions
of the ankle joint [9].

In this context, parallel mechanisms have emerged as a
promising alternative [10]. Their structural rigidity and ability
to operate with multiple degrees of freedom make them ideal
for accurately replicating complex human joint motions [9],
[11]. Ankle sprains are among the most common
musculoskeletal injuries worldwide, especially among active
individuals and athletes [9], [11], [13]. Sudden movements or
directional changes during physical activity generate high-risk
conditions, particularly when the ankle is subjected to forced
inversion or eversion [2]. Due to their high incidence, these
injuries are a significant cause of medical consultations in
health services. They result in considerable functional
limitations, underlining the need for specialized and effective
rehabilitation interventions [3].

In Peru, ankle sprains also represent a significant portion of
sports-related injuries. According to EsSalud [14],
approximately 20% of consultations related to sports trauma are
due to ankle sprains, with 80% of these being lateral [10].
Additionally, the 2023 Statistical Bulletin from the National
Superintendence of Health (SUSALUD) confirms the recurring
nature of ankle sprain consultations in public health services,
indicating their high prevalence among the Peruvian population
[15].

Despite advancements in rehabilitation technologies, there
remains a lack of studies integrating advanced inverse
kinematics and screw theory models specifically applied to the
human ankle particularly in the design of 3UPS type parallel
mechanisms. Moreover, many existing studies do not
incorporate a comprehensive analysis of the mechanism’s
workspace or singularities, which are critical for ensuring
stability and effectiveness during clinical operation.

Therefore, this study aims to design and develop a 3UPS
parallel mechanism for passively rehabilitating lateral ankle
sprains in athletes. The proposed device seeks to precisely
replicate the physiological movements of the ankle, maintain a
lightweight and portable structure for clinical and home use,
and ensure stable operation through analysis of workspace and
singular configurations.

This proposal is expected to reduce injury recurrence rates,
improve joint stability, and prevent long-term complications
such as functional ankle instability or post-traumatic
osteoarthritis [12].
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Il. BACKGROUND

Parallel mechanisms have been widely studied due to their
ability to replicate complex movements with high precision and
structural rigidity. According to Merlet, these systems are
particularly effective in applications requiring stability and
control, such as motion simulators, robot-assisted surgery, and
biomechanical training platforms [16]. In rehabilitation,
parallel mechanisms have been increasingly used to simulate
physiological joint movements accurately and repeatedly.

A. Applications and Design

Parallel mechanisms are known for their precision in
replicating joint motions. Wu and Qin [17] developed a 3RRS
mechanism that executes compound and straightforward
movements, achieving a maximum angular error of 2° in virtual
simulations. Despite its effectiveness, the design lacks
portability, limiting its applicability in sports or outpatient
settings.

Cerna Soto [18], in a design focused on the Peruvian
population, presented a 2UPU mechanism suitable for active
and passive rehabilitation. However, its movement range is
limited to 30° in flexion and 18° in eversion, which constrains
its effectiveness in comprehensive ankle therapy.

From a clinical perspective, Barrett Podiatry [19] evaluated
customized orthotic devices through biomechanical analysis,
emphasizing the importance of tailoring treatment to each
patient’s anatomical characteristics to enhance joint stability
and reduce injury recurrence.

Using the virtual work principle, Abarca Pino [20] proposed
a dynamic model for a prosthetic ankle. The simulation
validated dorsiflexion and inversion movements with 75.76%
accuracy. Nonetheless, the model exhibited time delays in
actuator response, highlighting the need for improvements to
enable more complex motion control.

B. Modeling and Validation Methods

Kinematic and dynamic modeling are fundamental to
optimizing the design of parallel mechanisms. Gonzélez [21]
proposed a dynamic model for a 3UPS mechanism focused on
ankle rehabilitation, demonstrating its ability to replicate key
joint movements with an error margin below 5% and
adaptability for passive therapy.

Similarly, Martinez [22] used MatLab and Simulink to
model a 3RRS mechanism for ankle rehabilitation. This
achieved accurate simulation of complex joint motions and
adaptability to user-specific anatomical variations, contributing
to safer and more effective therapy.

Lopez [23] validated a 3UPU mechanism through CAD
simulations for dorsiflexion, inversion, and eversion. While
adaptable to different anatomies, the design lacked physical
validation to confirm clinical applicability.

Garcia [24] developed a 3D model in SolidWorks for a
3UPS mechanism and evaluated its structural resistance under
varying loads. Although the design proved feasible for
rehabilitation purposes, the validation remained limited to
simulation.

Most reviewed studies present significant limitations:
limited experimental validation, restricted motion ranges

compared to full physiological ankle values, inadequate
customization to anatomical variations, and the absence of
singularity or workspace analysis. These limitations affect the
devices’ safety, precision, and clinical applicability.

I1l. METHODOLOGY

A. Mathematical Domain

The mathematical domain comprises the set of equations
and formulations required to analyze the 3UPS parallel
mechanism comprehensively. This includes the forward and
inverse kinematic models, essential to describing the system’s
behavior, and the expressions that define its workspace and
allow the mobile platform to identify reachable configurations.
Additionally, the equations related to singularity analysis are
incorporated, as they are key to detecting critical configurations
in which the system may lose control or stability.

1) Inverse Kinematics: Since inverse kinematics seeks the
joint values for the mechanism to achieve a desired position and
orientation, the matrix R is defined by the angles {, 6, and ¢,
while the vector p is defined by the positions x, y, and z.
Therefore, the main equation that describes the iii-th leg of the
mechanism, from the base point A; to the mobile point B;, is
given by:

Li=p+R-Bi — A 1)

Where A; and B; are the positions of the universal and
spherical joints relative to the fixed and mobile bases,
respectively, these positions can be represented in matrix form,
where each column corresponds to the position of a joint in
Cartesian space. Additionally, R, and R, represent the radii of
the fixed and mobile bases.

] Ry Ry
Ra =5 =%
A= 0 ‘/_§Ra __3Ra 2
2 2
0 0
] Ry Ry
Ry 2 2
B=1lo Zg, -Zp, )
L0 0 0

a) Geometric Method: Continuing with the geometric
method, it states that the magnitude of the vector describing the
i-th leg corresponds to the effective length of the mechanism's
leg and, in turn, represents the joint value of each prismatic
actuator.

Li=|p+R-B;— A (4)

b) Screw Theory: Continuing with the screw theory, it
describes the calculation of the effective length as the projection
of the vector LiL_iLi onto the unit direction of the screw
associated with the leg. Additionally, the unit direction of the
screw S, is defined as the normalized vector L; .

P Li

S, = Ll ®)
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Li=5-L (6)

2) Workspace: The workspace analysis of a parallel
mechanism is conducted to determine the positions and
orientations that the mobile platform can achieve relative to the
fixed base. This analysis is essential to ensure that the
mechanism's design meets the established functional
requirements.

To achieve this, the inverse kinematics is formulated and
solved for each possible position and orientation of the mobile
platform within a defined range. This involves calculating the
lengths of the prismatic actuators based on a set of desired
positions and orientations. For each configuration, it is verified
that the calculated lengths comply with the physical and
geometric constraints of the mechanism.

3) Singularities: Singularity analysis is a fundamental part
of the study of parallel mechanisms, as these represent critical
configurations where the system loses degrees of freedom or
becomes unstable.

To perform this analysis, it is formulated that the
determinant of the mechanism's Jacobian matrix equals zero.
Since the Jacobian is constructed by taking the partial
derivatives of the leg lengths with respect to position and
orientation, it can be decoupled into two Jacobians: the position
Jacobian and the orientation Jacobian. To determine the
singularities of each, the procedure remains the same.

det() =0 (7
IV. RESULTS

A. Functional Requirements

The design of a 3UPS parallel mechanism for passive ankle
rehabilitation must meet technical and biomechanical
requirements to ensure functionality, safety, and efficacy. The
device must respect the ankle's physiological ranges of motion,
allowing dorsiflexion-plantarflexion from 30° to -20°,
abduction-adduction from 10° to -10°, and eversion-inversion
from 20° to -10°, to simulate natural movements and restore
joint functionality. Its portability, with a maximum weight of
2.5 kg, facilitates handling in clinics and home settings,
improving the patient experience. Additionally, it must support
loads of up to 250 N to ensure durability and safety while
generating a minimum force of 20 N, sufficient to mobilize the
ankle by overcoming tissue resistance without causing
discomfort or harm.

B. Mathematical Domain

1) Inverse Kinematics: If we start symbolizing the equation
that describes the length vector for the i-th leg of the
mechanism, equation (1), we obtain a 3x1 vector with the
spatial components of the vector.

L
Li = Ll'y (8)
L

Therefore, for each of the three legs of the mechanism, it is
expressed as follows:

—Ra + RquJCe + DPx

Ll = RbSlpCe + py (9)
_RbSB +p.
Rz_a N \/§Rb(5¢sicw-5w6¢) _ Rbcznbce + 1y
L, = _@ " \/§Rb(s¢s¢2,59+c¢c¢) _ Rbsztpce +p, (10)
\/§RbS¢C9 + RpSg + Dy
2 2
Rq _ V3Rp(spspcy—sycp)  RpCycp
7'1 — 5 - 2 + px
L _ ‘/§Ra _ \/§Rb(5¢5¢59+6¢6¢) _ RbSL|JC9 + (11)
3 - 2 2 Py
\/§RbS¢Ce Rpsg
.

a) Geometric Method: Continuing with the Geometric
Method, equation (4) is used to obtain the joint values. For each
leg, the following is derived:

L, = /L%x +13, +15, (12)
L, = /Lzzx +15,+ 13, (13)
Ly = /L23x +15, + 13, (14)

Additionally, if the equations are expanded, they can be
expressed as follows:

2
Ll = \/(_Rb Sg + pz)2 + (Rb Sw Co + py) + )
15

J(—Ra +Rycyco+ Px)z

2
R V3Rp(spSe cy—sycp) RpCycCo
Lzzj(f+ cutete) B )

2

[

Rg \/§Rb(5‘¢ Sg Cy—Sy C¢,) Rp Cy Co
L3 = — 4+ —

\](_ \/§2Ra + \/§Rb(5¢ Sq;Se+C¢ Cq,) _ Rp Sy Co + py)z + (16)

2
2 2 2 +p"> +

\](_@ + \/§Rb($¢ Sq;Se+C¢ Cq,) _ Rp szlL, ce + py)z N (17)

2
[
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b) Screw Theory: For Screw Theory, the unit
direction of each leg must first be determined, equati
which takes the following form:

—Rg+RpCyCo+Dx

2 2
\/(_Rb59+p2)2+(RbSL|JCG+py) +(—Ra+RbCl|JCe+px)
Rbslllcﬂ +py

2 2
\/(_Rb59+p2)2+(RbSL|JCG+py) +(—Ra+RbCl|JCe+px)
—RpSe+Pz

_\/(—Rbse +pz)2+(Rbs¢ce+py)2+(—Ra+Rbc¢Ce +px)2_

[ Ra,‘ERb(Sd)SBCLIJ_SwCQ)) Rpcycy
2 2 2
VA+B+C
V3Rq , ﬁRb(s¢s¢se+c¢cw) Rpsyco )
2 2 2
VA+B+C
V3RpsCo
2

X

Py

Rys,
+Rb%0.p,

VA+B+C

—Rg+RpCyCo+Dyx
— Vorrr
Rpsyco+py
VD+E+F
“RpSetpz

VD+E+F

532

Where each variable represents:
2

a=( +2:)

R, \/§Rb(s¢sec¢—s¢c¢) Rycyco
B=2" 2 T2

[

\/§RbSeCe
2

Ry, sq
2

\/§Ra n \/§Rb(S¢S¢Se + C¢C¢) RwaCe n

2 2 2
)

N

R, \/§Rb(s¢sec¢—s¢c¢) Rycycq
2 2 2

c

2
_ \/§Rb S¢C9 + RbSQ

2 2

-
&

\/§Ra \/§Rb(s¢s¢,se+c¢c¢) Rysyco
2 2 2

calculated using the previous equations, equations (18),
and (20). The result is:

)

+5,)

Therefore, the effective length, equation (6), can be

screw
on (5),

(18)

(19)

(20)

w

range

(19),

2
(=Rpsp+p,)

L= +
2 2 2
\/(_Rb Se+pz) +(Rb Sy C9+py) +(—R3+Rb Cy Ce+px)
2
(RbsllJ C9+Py) n
2 2 2 (21)
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(23

2 2 2
j(—Rb Sg+pz) +(Rb Sy Ce+py) +(_Ra+Rb Cy Cg+px)

Ry V3Ry(5g
2

S Cy Sy € Ry cy ¢
(_Ra+Rb Cy C9+px)< 2 L ¢) 2‘1’ Ipx)

2 2 2
J(—Rb Se+pz) +(Rb Sy Ce+py) +(_Ra+Rb Cy Ce+px)

here each variable in equation (22) is the same as

previously defined.

Finally, an angular sweep can be performed, limited by the

of motion of the ankle, to obtain the leg lengths of the

mechanism for both methods.

Yel[to —10]°
6 €30 —20]°
$ €20 —10]°

2.5 5.0 75 100

Rerations

12.5 15.0 17.5 20.0

Fig. 1. Angular Sweep of the Geometric Method and Screw Theory.
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In Fig. 1, it can be observed that the solid lines represent
the result of the Geometric Method, while the dotted lines
represent the result of Screw Theory. Additionally, as the
angular values approach the negative range, L, begins to
decrease, L, increases, and L; remains virtually constant.

2) Workspace: The maximum and minimum lengths of the
actuator that moves the system must first be defined to obtain
the workspace. Considering that the actuator length is within a
range of [0.165, 0.265] m, the workspace of the mechanism was
generated by creating groups of spaced values for the position
and orientation of the mechanism. This allowed for the analysis
of both the positional and orientational workspace.

a) Positional:

01
-03
00Q
01 -0.1%
X(m) 01 -0.2

03 —03

Fig. 2. Positional Workspace.

Only position variables are assigned values for the
positional workspace (Fig. 2), so the orientation values are null.
The 'x' and 'y' values range from [-0.5, 0.5] m, while the 'Z'
values range from [0, 1] m with a step of 150.

side View YZ Side View XZ

.
N

E £ oo £

N > M oan
s
.

Fig. 3. Views of the Positional Workspace.

Top View XY

The workspace views (Fig. 3) help show the boundaries of
the workspace. The Z-axis’s maximum height is 0.2717 m, and
the minimum is 0.01 m. Meanwhile, on the X and Y axes, the
maximum is 0.2718 m, and the minimum is —0.2718 m.

D} ‘
0.

-0.1

-0.2

X (m) ¥ (m) z(m)

Fig. 4. Violin Plot of the Positional Workspace.

Length {m)
o
g

Fig. 4 shows that the X and Y axes have identical
distributions, with higher density in the center, which decreases
as it approaches the boundaries. However, the Z-axis has a high
density at the lower limit, while at the upper limit, it decreases.
This is due to the hemispherical shape of the positional
workspace.

b) Orientational:

o
20 o
v(s) 20

40
60 -20

Fig. 5. Orientational Workspace.

In Fig. 5, only the orientation variables are assigned values
for the orientational workspace, meaning the position values are
set to the home or base state. The psi, zeta, and fi values range
from [-90, 90]° with a step size 150.

60

20

Angle (")

—60

wis) af @i
Fig. 6. Violin Plot of the Orientational Workspace.

The violin plot (Fig. 6) helps observe the workspace limits.
For psi, the range is from 61.0067° to -61.0067°; for zeta, from
24.7651° to -18.7248°; and for ¢, from 22.349° to -22.349°.
Additionally, there is a higher concentration of reachable angles
in the center.

3) Singularities: To obtain the system's singularities, the
determinant of the mechanism's Jacobian must be set to zero.
This results in a fractional equation with six unknowns, three
for position and three for orientation. Additionally, the
denominator can be excluded to simplify the analysis since it
cannot be zero to avoid indeterminacy, and the focus is placed
on the numerator.

a) Posicional:
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6Ra2(xs¢s¢+xsec¢c¢—xse —ySpCy +
YSpCog+YSySeCy —ZS¢SySe —ZCyCy + (24)
ZCy Cg — ZCy Co +7)

The equation (24) can be analyzed for orientation angular
values, which, for simplicity in analysis, can take values of 0°,
909, 180°, or 270°, as they are contained within sine and cosine
functions.

p=00) w=90(%)
2704 @ 270 [ ]

1801 e 180 .

1)
w=270(")

1801 ® . . . 180{ &

a(

1] i
Fig. 7. Total position singularities of the mechanism.

From Fig. 7, it can be observed that there are 22 singular
position configurations for the mechanism. However, caution
must be taken with these. If we observe the graph for ¥ = 0°,
singularities occur when this angle, along with 6 and ¢ , are
equal to zero. However, this configuration corresponds to the
rest or "home" position. Furthermore, there is a possibility that
two sets of angles result in the same posture for the mechanism.
Therefore, it is necessary to scrutinize the sets of singular
values.

§ee, 0507, p=0° y=0%, 0=0%, peo0*

=07, =07, p=180°

8
X Mo

Fig. 8. Position singularities of the mechanism for ¢ = 0°.

0%, 6=0°, =160 ¥=0°, 0290°, 9=90"

Fig. 9. Position singularities of the mechanism for ¢ = 90°.

¥=180°, 0=0", 9=180* $=160°, 030", p=180° =160°, 0=180", g=0*

Fig. 10. Position singularities of the mechanism for iy = 180°.

9=270°, 0207, 9=180° ¥=270%, 6230%, 9=270°

9=270",02100", 950"

Fig. 11. Position singularities of the mechanism for ¢ = 270°.

Upon inspecting the graphs, Fig. 8, 9, 10, and 11, it can be
observed that out of the 22 singularities, several postures repeat
for at least two sets of values. Therefore, the number of singular
postures is reduced to 12. Additionally, postures where two
orientation variables are zero can be written in another way.
Below are the configurations, their sets of angles, and their
equivalents, if applicable.
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TABLE |
Position singularities of the mechanism.
Conf. Set 1(°) Set 2(°) Set 3(°)

1 [0, 0, 0] [180, 180, 180]
2 [0,0,90] [180, 180, 270]
3 [0, 0, 180] [180, 180, 0]
4 [0, 0, 270] [180, 180, 90]
5 [0, 90, 0] [180,90,180] | [90, 90, 90]
6 [0, 180, 0] [180, 0, 180]
7 [0,270,0] | [180,270,180] | [90, 270, 270]
8 [90, 0, 180] [270, 180, 0]
9 [ [90, 180, 180]
10 | [270,0,180]
11 | [270, 90, 180]
12 | [270, 180, 90]

Fig. 12. Position singularities of the mechanism.

b) Orientational:

3V3RaRb3ce(R2ssyco — R2s4S0Cy
+RZ5yS + RaXs§syCe + RaX5¢SeCy
—RoxsyS5cq + RaysgcyCo — RaysySySe
—Rgys§cyCy — 4Raz55SySeCy — 2YZ55Sg
+2R,25455,55Ce + 2Rq25450,Cy — 2Ra25454,Co
RaZSZ¢
2
—2x2555yCo + 2XYSFCyCo — 2XYSpSySo

—Ru2z54S5Cg + 2Ry25457,Cg —

—2XYSGCyCy + 4XZSF Sy SeCy + 4XZS S5 Cy (25)
—2XZS4SGS5Cy — 2XZSyS{Ce — 2XZSSiCo
—XZSy + 2Y2SpSeCy — 2Y7SySECe
+4yz5557,Se + 2YZS4SySECeCy
+2y2545yCyCo — 2YZ5,S9CeCo
—2yzs(,Sg + 22°555yCo + 22°5y55C
—22%syc — 22%SyCo
+G+H—1-]—K—M
“N+Q-T+U+V-W)
_ R2(C_apyp+26 — C2g—p20 + Copipp—20 — Cagprp+26)
16

G

- Rax(C_2psy+20 — C2-p+26 + Cagrip—26 — Cagpiyp+260)
h 16

_ Ry (S_2sy+20 + S2p-y+20 + S2¢+y—20 — Sag+y+26)

16
Raz(—C_prapi20 + Coo2pps20 + Cpra1p—20 — Cprap+26)
] = 8
K = xZ(C—2¢+1p+29 — Cop—yp+20 T Cogpryp—20 — C2¢+1/;+26)

8

M= XY(5—2¢+¢+29 + S2¢—y+20 T S2¢p+y—20 — 52¢>+¢+29)
B 8

N = xz(_c—¢+2w+29 T Cp-2p+20 T Cptrayp—20 — C¢+21/;+26)
B 8

_ ZZ(C—2¢+1/;+29 — Cop—p+20 T Copryp—20 — Cz¢+1p+29)

8
_ yz(_5¢—29 + 5¢+29)
T =
2
U = }/Z(C2¢_21/, - Cz¢+21/;)

4

- Raz(Cayp—g — Caypro)
2

_ xz(czw—e - Cz¢+6)
2

The equation (25) can be analyzed for the angular
orientation values, which, for ease of analysis, can take the
values of 0°, 90°, 180°, or 270°, since these values are included
in the sine and cosine functions.

=007 w=900)
. .

o a0 180 270 o BN 1y 270
#r Il

Fig. 13. Total orientational singularities of the mechanism.

From Fig. 13, there are 44 singular position configurations
for the mechanism. However, caution must be taken with these.
If we observe the graph for i = 0°, singularities occur when
this angle, along with 6 and ¢ , are equal to zero. However, this
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configuration corresponds to the rest or "home" position.
Furthermore, there is a possibility that two sets of angles result
in the same posture for the mechanism. Therefore, it is
necessary to scrutinize the sets of singular values.

$=0°, 0=0°, 9=0° $=0°, 0-0°, 9=180° y=0°, 0=90°, g=0°

Fig. 17. Orientational singularities of the mechanism for p = 270°.

Upon inspecting the graphs, Figs. Several postures repeat
for at least two sets of values in 14, 15, 16, and 17 out of the 44
singularities. Therefore, the number of singular postures is
reduced to 14. Additionally, postures where two orientation
variables are zeros can be written in another way. Below are the
configurations, the sets of angles, and their equivalents, if

applicable.
TABLE Il
Orientational singularities of the mechanism.
Conf. | Set1(°) Set 2(°) Set 3(°) Set 4(°)
1 [0,0,0] [180, 180,
180]
2 [0, 0, 180] [180, 180, 0]
3 [0, 180, 0] [180, 0, 180]
4 [0, 180, [180, 0, 0]
180]
5 [90,0,180] | [270, 180, 0]
6 [90, 180,0] | [270,0, 180]
7 [0, 90, 0] [180, 90, 180] | [90, 90, 90] [270, 90, 270]
8 [0, 90, 90] [180, 90, 270] | [90, 90, 180] | [270, 90, 0]
9 [0,90,180] | [180,90,0] [90, 90, 270] | [270, 90, 90]
10 [0, 90, 270] [ [180, 90, 90] [90, 90, 0] [270, 90, 180]
11 [0, 270, [180, 270, [90, 270, [270, 270, 90]
180] 270] 270]
Fig. 15. Orientational singularities of the mechanism for 1 = 90°. 12 [0.270,80] | [180, 270, 0] [90, 270, 0] 52870(]) 210,
13 [0, 270,90] | [180,270,90] | [90,270,90] | [270, 270,
e M e 270]
14 [0, 270,90] | [180, 270, [90, 270, [270, 270, 0]
’ 180] 180]

Fig. 16. Orientational singularities of the mechanism for ¢ = 180°.

T

Fig. 18. Orientational singularities of the mechanism.
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V. CONCLUSIONS

The inverse kinematics was developed using two
complementary approaches, the geometric method and screw
theory. Both methods allow for the derivation of the necessary
equations to determine the joint configurations of the
mechanism. The results obtained from both methods show a
remarkable similarity between the equations derived, as they
share similar structures and lead to equivalent solutions for the
joint configurations of the mechanism.

On the other hand, the workspace of the mechanism fully
meets the required physiological movement ranges of the ankle
for rehabilitation. The positional workspace has a displacement
range along the X, Y, and Z axes, allowing mobility for desired
configurations. Meanwhile, the orientational workspace covers
the angles of flexion-extension, abduction-adduction, and
eversion-inversion movements for the angles ¢, 6, and ¢,
respectively, within biomechanically safe limits.

Finally, the singularity analysis conducted on the
mechanism helps identify and determine the critical
configurations that could compromise the system. Initially, 22
singular positional configurations were found, which were
reduced to 12 postures. Likewise, 44 singular orientational
configurations were found, which were reduced to 14 postures
after eliminating redundancies and considering equivalences
between sets of angles. Additionally, all singular configurations
lie outside the mechanism's workspace, and the one defined for
the ankle's movement ranges.
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