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Abstract— In this article, a set of incomplete elliptic integrals is
given to help engineering and physics students solve problems that
are common in electromagnetism. First, a brief description of the
elliptic integrals of the first kind and second kind is presented,
followed by a list of identities of incomplete elliptic integrals
involving sine and cosine functions, and finally, these identities are
used to solve three physical systems: the first is the electric potential
generated by a segment of a charged ring; the second is the magnetic
field generated by a segment of a ring carrying a current; and the
third is the magnetic field produced by an axially magnetized
permanent magnet.
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I. INTRODUCTION

Elliptic integrals are an essential tool in physics and
engineering, as they are used in different areas of engineering
such as electronics and aerospace engineering, among others.
Such integrals allow to solve very complex problems such as
the movement of celestial bodies in the case of classical
mechanics [1] and in engineering we can find them in the
calculation of the magnetic force between two magnets that
form passive magnetic bearings [2], in the determination of
areas and volumes, which is of great importance in civil and
mechanical engineering, or in the solution of antenna design
problems and in determining the impedance of electrical
circuits in electric engineering [3].

The name “elliptic integrals™ is derived from the fact that
one of them is used to determine the arc of length of an ellipse,
and the actual development of elliptic functions occurred
between the 1650s and 1850s, when great mathematicians such
as Fragnano, Euler, Lagrange, and Landen worked with them
[4], [5] . The first man to carry out a more formal development
on elliptic integrals was Legendre in his work "Traité des
fonctions elliptiques"” [6].

Due to the significance of these integrals in engineering
and physics, the primary goal of this paper is to provide a set of
identities involving incomplete elliptic integrals that can assist
engineering and physics students in solving common
electromagnetism problems. Particularly, the article provides a
brief description of incomplete elliptic integrals of the first kind
and the second kind (section 1), ten identities of elliptic
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integrals involving sine and cosine functions that are frequently
used in electromagnetism (section Il1), and three examples of
how some of the identities are applied (section I1V). The first is
the electric potential produced by a segment of a charged ring,
the second is the magnetic field produced by a segment of a ring
carrying an electric current, and the third is the magnetic field
produced by a segment of an annular permanent magnet
magnetized in the axial direction.

II. ELLIPTIC INTEGRALS

An elliptic integral is any integral that has the form

f(a cosd + bcosd + ¢)dd (1

Or

I R(x, m)dx, (2)

where R is a rational function, f is a cubic or quartic
polynomial of x with distinct roots [4], this is f(x) = ax* +
bx3+cx?+dx+e (a,b,c,d e = constants and a,b #
0). Equation (1) is known as the Legendre's trigonometric form
of elliptic integrals while equation (2) is known as Legendre's
normal form.

Elliptic integrals are generally associated with three input
arguments. In any of the Legendre forms, the first input
argument is known as amplitude; in the trigonometric form it is
¢, and in the normal form it is x. The second input argument
used is m known as a parameter [7]. The third input argument
is the modular angle a, which is defined as

a=sin"tvm, 3)
assuming thatmisrealand0 <m <1
Finally, if an elliptic integral depends on two input
arguments, this is known as an incomplete elliptic integral, but
if it depends on a single argument, then it is known as a
complete elliptic integral.

A. Elliptic integrals of the first kind

In Legendre's trigonometric form, the incomplete elliptic
integral of the first kind is [8]
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By changing the variable z = sin 8 the integral (4) is reduced

to the normal form of Legendre

_J‘x dz
- 0 J(l—zz)(l—mzz)'

F(m,x) m<1, (5

with x = sin ¢. The complete elliptic integral of the first kind
can be found by setting ¢ = /2 (x = 1) in the equation (5),
that is

/2 de
F(m) = —
o V1—msin20
f ' dz <1 (6)
= ,m .
0 \/(1 —z2)(1 —mz?)
Using the binomial expansion theorem in the term

(1 — msin? 0)7%/2 of equation (4), the incomplete elliptic
integral of the first kind can be written as

2

m (¢ 3m? (¢
Fm,d)=¢ + ?f sin®>6do + f sin*0do + -
0 0

1-3:5-2n—1)m" ¢

in2n
246 (2n) | sin“™ 6d 0 + @)

B. Elliptic integrals of the second kind

The incomplete elliptic integral of the second kind is [8]
¢
E(m,cl)):f 1—msin26do, m<1 (8)
0

By changing the variable z = sin 6 the equation (8) is reduced
to the normal form of Legendre is

* 11 —mz?
E(m,x) = f ﬁdz, m<l1, (9)
0

where x = sin ¢. By setting ¢ = m/2 (x = 1), it is possible
to find the value of the complete elliptic integral of the second
kind

/2 1 1 — mz?
E(m)=f 1—msin29d6=f ﬁdz,m<1 (10)
0 0

Similarly, as in equation (7), the binomial series can be used to
expand V1 — msin? 6 in equation (8), which yields to

1 ¢
E(m, ) =c])—§mf sin?8dg — -
0

1-3-5(2n—3)
T 2-4-6--(2n)

¢
m"J- sin®"6d g — --- (11)
0

I1l. SOME USEFUL IDENTITIES

In this section we present some identities that involve
incomplete elliptic integrals that can be used in some problems
in physics and engineering.

A. Integrals that involve the sine function

Using the expressions (4) and (8) we can find the
followings identities that involve the sine function

2 sin? 6 d@
o, (1—msinZ §)1/2

= %(F(m, ¢2) - F(m, ¢1)

_E(m' q)Z) + E(m! ¢1))' (12)

2 de — (E(ml (pl) - E(ml @2))
p, (1 —msin?6)3/2 1-m

(13)

b2 sin? 6 dO 3
o, (1 —msin? §)3/2 -

1
+—(F(m, ;) = F(m, 1), (14)

(E(m' (PZ) - E(m! (pl))
m(1l—m)

Where

sin ¢; . (15)

p; = arccos | ———
M cos? b;
1+ 0% d;

If ; = 0 and ¢, = 1/2, the expressions (12) — (14) are
simplified to the expressions shown in [9], which can be
demonstrated using equations (15) and (83) — (86).

B. Integrals that involve the cosine function

With the help of equations (4), (8) and identities (12) - (14)
we can find some identities of elliptic integrals that are related
to the cosine function

b2 de

. B—cosgy7? = VER(FOm0) —FOm,00), - (16)
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b2 de

o, (T cosO)2 V2m(F(m,y,) —F(my,)),  (17)

b2
(b — cos 0)Y/2do = %(E(m, o) —E(m,a,)), (18)
051
b2
(b + cos e)l/ng = % (E(m' YZ) - E(m, YI))’ (19)
uF]
¢z cos0do 2—-m
N m = M(T (F(m, ay) — F(m, al))>
2V2

_W(E(m' aZ) - E(m, al)) (20)

%2 cos0do

m-—2
%@Taam:@d7r@mmrmmm0

2V2
+ = (Emy) —Emy)), @D

\/_
b2 de
o m = \/ﬁ(#) (E(m, w,) — E(m, 0)1)), (22)
b2 cosBdB 2 —mW2m

o, (b —cosB)3/? T T2 om (E(m, ;) — E(m, w,))
_\/ﬂ(F(m, (,02) — F(m, ('01)): (23)

where
o-(5%)
Yi = %' (25)
. sin(¢;/2)
i = , 26
r T arem [\/1 —mecos?(d;/2) (26)
2

When ¢, = 0 and ¢, = m, the expressions (16) — (23) are
simplified to the expressions found in [9]. This can be proven
by using equations (24) — (27), (82) and (85).

Generally, identities (16) — (21) can be used to solve problems
involving the calculation of electric, magnetic, or even
gravitational potentials whose forms involve terms like
1/|#, — 7;|. On the other hand, the (22) and (23) equations are
often used to figure out electric or magnetic fields because they
are related to the terms 1/|7, — #|3.

I\VV. SOME EXAMPLES OF HOW THE IDENTITIES CAN BE USED

This section provides three classic examples of
electromagnetism, to which some identities from the preceding
section can be applied.

A. Electric potential of ring segment with constant linear
charge density

According to Griffiths [10], the electric potential of a
continuous linear distribution of charge at a point P can be
determined as

1 Adl

B 41T€0 1 |7-32 - ?1'

) (28)

where A is the linear charge density and d! is a small length
element and |7, — 77| is the distance from the small length
element to the point where the potential is determined.

For this case, we want to find an expression of the electric
potential in a point P(p,B,z) generated by a segment of a
circular ring of RB, length with a constant linear charge density
A (see Fig. 1). Using equation (28) we have

. 1 (& ARdO
4meo Jo  /RZ + p2 + 22 — 2Rpcos(B — 0)

(29)

By changing the variable ¢ = B — 6 and using the
identity (12), the expression (29) can be rewritten as

- A RmF - 30
" e, | p (e TFma) GO

X

Fig. 1: Segment of a ring with constant charge density A and length R6,.
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with

4 = (31
m—B+06
a = % (32)
4R
P (33)

TR+ 22

In the case that 6; = 2 (i.e., a circular ring) can be shown
that the expression (30) is reduced to

_ A Rm
V—21T€0 TF(m). (34)

This corresponds to what is presented by Good [9], which
makes sense because the electric potential of the ring is the
same for all values of 8 when z and p remain constant.

Using equation (7), the expression (30) can be rewritten as

)\ Rm 91 m oy . 3m2 o .
V= — —+—f sm29d9+—f sin*8.de
4mey [ p \ 2 2 a 8 a

1-3:5-Q2n—-1) %
>4 62 m Llsln 0do ).(35)

Lastly, Fig. 2 shows, for different orders of approximation,
how the electric potential changes as a function of z for the
segment with 8, = 5nt/6rad, p = 3n/2rady p=0.1m. It
is evident from the figure that the difference between the first,
second and third approximations order is negligible.

/..\ —n=0
N\ n=1
= 3 '
>
©
=
c
F]
=3 6
k)
.
=
o
<@
wi
4

-06 -04 -0.2 0 0.2 0.4 0.6
z coordinate (m)
Fig. 2: Electric potential variation as a function of the z coordinate for different
approximation orders for a ring segment. In this case, 6, = zn, B = ;n y
p=01m.

B. Magnetic field of ring segment carrying a constant current.

The magnetic field produced by an element that carries a
current is determined as [11], [12]:

ool (dx(Ga—n) (36)
4t 17, — 713
In the present case, we focus on an element of a circular ring
with a length R6,. This element carries a constant current / in
the counterclockwise direction (as depicted in Fig. 3.
Consequently, the magnetic field created at a certain position
P(p, B, z) can be expressed as follows:

zR(cos X + sin 67)d0
(R? 4+ p? + z? — 2pR cos(B — 0))
uol (1 (R? —pRcos(p — 0))2de
s o (R?+p?+22—2pRcos(B—106))

N 1%
5=t
4 J,

(37)

Using the equations (22) and (23), the magnetic field
components are expressed in terms of elliptic integrals.

WolzcosB | m Wolz sin B
By=—— |—@Ald-C)+———(D,—Dy), (38
= /p3R( )+ (02— D), (38)

Wolzsinf | m Wolz cos B
B=— |[—@A-C)———D,-D 9
)= /pgR( €)== 0= D), (39)

g, =l ™ e ,a (40)
27 8w |p3R p e

with
A=A(m) = (F(m w,) — F(m, w,)), (41)
&
W
i
¥
_./I/'

X

Fig. 3: Segment of a ring of RO, length and carrying a constant electric
current I in the counterclockwise direction.
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2—m

C=Clm)=5—— (E(m, ;) — E(m, wy)), (42)
Dy = D(dy) = ! (43)
- k _\/R2+p2+zz—2pRcos¢k’
2p — R
6 = aam) = 2= CED (4 0,) — Emw0,)), (44)
wy = arcsin Sin(i/2) , (45)
J1—mcos?(¢y/2)

_ 4Rp 46
N o
b =B, (47)
b2 =B -6y (48)

The B, component can be expressed using equations (7) and
(11) as:

B, =K[Sn—Lip+ (; + Lym+-+ (J, — L,)m"], (49)

where
s L 1-3-5--(2n—23) (50)
Jn=S\n-3h 24620 M)
L _(L3-5-@n-n) 1)
n — 24’6(2”) pn+1'
w2
I, = sin?" 06d 0, (52)
w1
N = w; =Wy, (53)
ol m?
_ (P~ R)
s_( —). (55)

Fig. 4 shows the change in the axial component of the
magnetic field produced by a semicircular (this means that 6; =
m is used in equation 49) wire carrying a constant current I in
the counterclockwise direction as a function of the z
coordinate. The figure displays the approximations of order
n = 0,1 and 5, along with the outcome of a numerical
simulation conducted using the Comsol Multiphysics software.
In all cases, the ring is considered to have the following physical
properties: R=0.1m,/ =1A,p=0.001 m,and § = .

10°°
—— numerical

. 3 — n=0
L—: — n=1
_cg n=>5
o 2
©
7]
j oy
&
= 1
K
>
<

0

-0.5 0 0.5

z coordinate (m)

Fig. 4:Variation of the axial magnetic field as a function of z for different
approximation orders for a ring segment with a constant I current in the
counterclockwise direction. In this case, ; = 8 = mand p = 0.001 m.

Finally, in Fig. 4, it can be observed that as the order of
approximation increases, the value of the axial component of
the field tends to approach the value obtained in the simulation.

C. Magnetic Field of a cylindrical permanent magnet.

According to Reitz [12], Van Tai Nguyen and Tien-Fu Lu
[13] and Fontana [14] the magnetic field produced by
permanent magnets can be determined using the Couloumbian
model, frequently referred to as the method of magnetic charge,
that is

B = —poVeu, (56)
with

1 ppdVy IJ oydA;
4m )y, |7, =7l 4m Aq 17, — Al

Py (57)

where p,, and o), are the magnetic pole density and surface
density of the magnetic pole intensity, respectively, which are
defined as

oy =M 7. (59)
In this case, a segment of an annular permanent magnet with

constant magnetization M = Mz is considered (Fig. 5). The
magnet has an internal radius ry, external radius r, and height
hz - h’l'

As the permanent magnet has a constant magnetization, the
magnetic field in P(p, B, z) is given by the expression
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0
1[‘3‘,,’ — B, |rdedr, (60)

Tq YO

where

B - (pcosB —rcosB)xX + (psinp —rsinB)y

]
[r2 + 0%+ (z = hy)" — 2rp cos(B - 9>]3/2

+ (2= 1)z . (61)

[rz +p2+(z— hj)z —2rpcos(B — 9)]3/2

Using the identities (22) y (23) the components of B are

M d
g, = 1o cosB J (T):/Z(A(mz) A(my) = C(my) + C(my))

uOM smB
_W[ 222 — D122 = Da21 + Diz1]
KoM sin 3
+W [D212 = D112 — D211 + Di1al, (62)

M
B, = Ho Smﬁf o )3/2 (A(my) — A(my) — C(my) + C(my))

qu cosB
W [DZZZ - D122 - DZZl + D121]
KoM cos 3

4mp —Dyy1 + Dyal, (63)

[D212 - D112

HoM

B, 167[] (pr)3/2 ((h, — 2)G(my) — (b — 2)G(my)), (64)

with

m) = 2B (B ) ~ B ). (65)

¢(my) = ryfm; (F(my, ;) = F(my, 0p1)), (66)

Dyjy = \/riz + p? + (z - hj)z — 2pr; cos ¢y,

+p cos ¢y tanh™? / 21— 2p cos b \ (67)
\2\/7}2 +p2+(z— hj)2 — 2pr; cosd)k/
3/2
G(m) == m (E(mj,w;2) = E(mj, 031)), (68)
_ . sin(¢y/2)
wj), = arcsin [\/1 = cosz(q)k/Z)]’ (69)
4rp
= , 70
r+p)2+(z—h) 70
¢, =B (71)
b, =B — 64, (72)

where the i, j, and k indices of the D, ;. function correspond to
the values of r; (ry, 13), b (hy, h2) Y G (D1, b2).

Using equation (11), the expression (64) can be rewritten
as

B, = x(h, —Z)f [le +Joimy +- +]2nm2]

(s —7) f rdr(?—r) [y + Juam + -+ Jnf], (73)

with
~ y 1-3-5--(2n-3), o
=\ gk 2-4-6-2n )
(A)
:j sin®" 8d 6, (75)
wjy
T]] = (,l)jz - (,l)j]_, (76)
HoM
= , 77
16m 77

where n corresponds to natural numbers and j can only take
on the values 1 or 2, depending on the case of m;.
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Finally, in Fig. 7 and Fig. 8 the approximationsn = 0, 1
and 2 are shown in addition to the result of a numerical
simulation carried out with the Comsol Multiphysics software
for the axial component of the magnetic field of a permanent
ring magnet (this means that 6; = 2 is used in equation (64))
with constant axis magnetization M = Mk (see Fig. 6 in the
function of z. In both figures, the magnet is considered to have
the following physical properties: 7, = 26.6 mm, r, = 34.8
mm, h; = 0, h, = 20 mm, and M = 10 kKA/m. In Fig. 7, B,
was determined at p = 0.01 m and B = 0, whereas for Fig. 8,
B, has been determined at p = 0.001 mand g = 0. When
comparing the two figures, lower p values correspond more
closely with the numerical simulation value.

Fig. 6: Annular Permanent magnet with axial magnetization.

1073

Axial magnetic field B, (T)
|
o
(W, ]

—— numerical
— n=0
-1 — n=1
n=2

-0.15 0 0.15

z coordinate (m)

Fig. 7: Axial magnetic field variation as a function of z for different
approximation commands for an axially magnetized ring. In this case:
0, =2m,f=0and p =0.01m.
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Fig. 8:Axial magnetic field variation as a function of z for different
approximation commands for an axially magnetized ring. In this case:
6, =2m,B=0and p =0.001 m.

V. CONCLUSION

Thanks to this work, it was possible to provide a list of
identities involving incomplete elliptic integrals, which serve
as support to engineering and physics students in solving
problems typical of electromagnetism. Specifically, three sine
function identities and seven cosine function identities relating
to the incomplete elliptic integrals of the first kind and the
second kind were given. Consequently, some of the identities
could be applied to the solution of classic electromagnetism
problems. Finally, this publication is expected to motivate
students to use and learn more about incomplete elliptic
integrals.

APPENDIX: ELLIPTIC INTEGRAL FUNDAMENTAL RELATIONS.

This section presents some identities that can be very useful
when working with incomplete elliptic integrals, which can be
found in Byrd [4]

E(m,—¢) = —E(m, ¢), (78)
F(m,—¢) = —F(m, @), (79)
E(m,nm+ @) = 2nE(m) + E(m, @), (80)
F(m,nm £ @) = 2nF(m) £ F(m, ¢), (81)

E(m,a) £+ E(m,B) = E(m, @) £ msinasinBsing, (82)
F(m,a) £ F(m,B) = F(m, ¢), (83)

where
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sin on/1 — msin2 B + sin BvV1 — m sin2
¢ = 2arctan [ \/ msin? 3 £ sin msin? a (84)
cosa + cosf
or
[ cosacosf3
= arccos

¢ 1 — msin? asin? B

_sinasin 1 — msin? a)(1 — m sin?

- By/( )( B) (85)

1 —msin? asin? B
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